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Abstract
In [B. De Bruyn, A. Pasini, Minimal scattered sets and polarized embeddings of dual polar spaces,
European J. Combin. 28 (2007) 1890–1909], it was shown that every full polarized embedding of a dual
polar space of rank n ≥ 2 has vector dimension at least 2n . In the present paper, we will give alternative
proofs of that result which hold for more general classes of dense near polygons. These alternative
proofs allow us to characterize full polarized embeddings of minimal vector dimension 2n . Using this
characterization result, we can prove a decomposition theorem for the embedding space. We will use this
decomposition theorem to get information on the structure of the spin-embedding of the dual polar space
DQ(2n,K).
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
1.1. Basic definitions
A near polygon [10,23] is a connected partial linear space∆ = (P,L, I), I ⊆ P×L, satisfying
the property that, for every point p ∈ P and every line L ∈ L, there exists a unique point on L
nearest to p. Here, distances are measured in the point or collinearity graph Γ∆ of ∆. If d is the
diameter of Γ∆, then the near polygon is called a near 2d-gon. A near 0-gon is just a point and
a near 2-gon is a line. Near quadrangles are usually called generalized quadrangles (Payne and
Thas [19]).
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With every nondegenerate polar space Π of rank n ≥ 2, there is associated a near 2n-gon
∆; see Shult and Yanushka [23] or Cameron [5]. The points and lines of ∆ are the maximal and
next-to-maximal singular subspaces of Π , and incidence is reverse containment. Any near n-gon
which can be obtained in this way is called a dual polar space of rank n.
We denote the distance between two points x and y of a near polygon ∆ = (P,L, I) by
d(x, y). For every point x of ∆, for every nonempty subset X of P and every i ∈ N, we define
∆i (x) := {y ∈ P | d(x, y) = i}, ∆∗i (x) := {y ∈ P | d(x, y) ≤ i}, d(x, X) := min{d(x, y) |
y ∈ X}, ∆i (X) := {y ∈ P | d(y, X) = i} and ∆∗i (X) := {y ∈ P | d(y, X) ≤ i}. The maximal
distance between two points of X is called the diameter of X . If X1 and X2 are two nonempty
sets of points, then we define d(X1, X2) := min{d(x1, x2) | x1 ∈ X1 and x2 ∈ X2}.
Let ∆ be a near polygon. A subspace S of ∆ is called convex if S contains every point on
a shortest path between two of its points. Notice that the points and lines contained in a given
convex subspace of ∆ define a sub-(near)-polygon of ∆. We will denote by 〈∗1, ∗2, . . . , ∗k〉 the
smallest convex subspace containing the objects ∗1, ∗2, . . . , ∗k . Here, ∗i , i ∈ {1, . . . , k}, can
be either a point or a nonempty set of points. Obviously, 〈∗1, . . . , ∗k〉 is the intersection of all
convex subspaces containing ∗1, ∗2, . . . , ∗k .
A near polygon is called dense if every line is incident with at least three points and if every
two points at distance 2 have at least two common neighbours. If x and y are two points of a dense
near 2n-gon at distance δ from each other, then by Theorem 4 of Brouwer andWilbrink [2], 〈x, y〉
is the unique convex subspace of diameter δ containing x and y. If δ = 2, then 〈x, y〉 is called a
quad. If δ = n − 1, then 〈x, y〉 is called a max.
Let F be a convex sub-2δ-gon of a dense near 2n-gon ∆. The subpolygon F is called big in
∆ if every point of ∆ outside F is collinear with a necessarily unique point of F . This forces δ
to be equal to n − 1. The subpolygon F is called classical in ∆ if, for every point x of ∆, there
exists a necessarily unique point piF (x) ∈ F such that d(x, y) = d(x, piF (x))+ d(piF (x), y) for
every point y of F . The point piF (x) is called the projection of x onto F . If F is big in ∆, then
F is also classical in ∆. If F is classical in ∆ and if F ′ is a convex sub-2δ′-gon meeting F , then
the diameter of F ∩ F ′ is at least δ + δ′ − n by Theorem 2.32 of De Bruyn [10].
Given two near polygons ∆1 = (P1,L1, I1) and ∆2 = (P2,L2, I2), a new near polygon
∆1 × ∆2 can be constructed which is called the direct product of ∆1 and ∆2. The collinearity
graph of∆1×∆2 has vertex set P1×P2 with two distinct vertices (p1, p2) and (p′1, p′2) adjacent
if pi = p′i and (p3−i and p′3−i are collinear in ∆3−i ) for precisely one i ∈ {1, 2}. The diameter
of ∆1 ×∆2 equals the sum of the diameters of ∆1 and ∆2. Every convex subspace of ∆1 ×∆2
is of the form F1× F2, where F1 is a convex subspace of∆1 and F2 is a convex subspace of∆2.
A hyperplane of a point-line geometry is a proper subspace meeting each line. The set of
points at non-maximal distance from a given point x of a near polygon ∆ is a hyperplane of ∆
which is called the singular hyperplane with deepest point x . By Shult [21, Lemma 6.1], every
hyperplane of a dense near polygon is a maximal subspace.
A full embedding e : ∆→ Σ of a point-line geometry ∆ = (P,L, I) into a projective space
Σ is an injective mapping e from the point-set P of ∆ to the set of points of Σ satisfying (1)
〈e(P)〉 = Σ and (2) e(L) := {e(x) | x ∈ L} is a line of Σ for every line L of ∆. The numbers
dim(Σ ) and dim(Σ ) + 1 are respectively called the projective and the vector dimension of e. If
e : ∆ → Σ is a full embedding of ∆, then for every hyperplane α of Σ , e−1(e(P) ∩ α) is a
hyperplane of ∆. We say that the hyperplane e−1(e(P) ∩ α) arises from the embedding e. Two
full embeddings e1 : ∆ → Σ1 and e2 : ∆ → Σ2 of ∆ are called isomorphic (e1 ∼= e2) if there
exists an isomorphism f : Σ1 → Σ2 such that e2 = f ◦ e1.
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A full embedding of a dense near polygon is called polarized if every singular hyperplane
arises from it. If e : ∆ → Σ is a full polarized embedding of a dense near polygon ∆ =
(P,L, I), then 〈e(H)〉 is a hyperplane of Σ for every singular hyperplane H of ∆. Moreover,
〈e(H)〉 ∩ e(P) = e(H). (These claims follow from the fact that H is a maximal subspace of
∆.) If e is a full polarized embedding of a dual polar space of rank n ≥ 2, then e has vector
dimension at least 2n by De Bruyn and Pasini [16].
Let e : ∆→ Σ be a full embedding of a point-line geometry∆ and let U be a subspace of Σ
satisfying
(C1) 〈U, e(p)〉 6= U for every point p of ∆,
(C2) 〈U, e(p1)〉 6= 〈U, e(p2)〉 for any two distinct points p1 and p2 of ∆;
then there exists a full embedding e/U of∆ into the quotient space Σ/U mapping each point p
of ∆ to 〈U, e(p)〉/U . If e1 : ∆→ Σ1 and e2 : ∆→ Σ2 are two full embeddings of ∆, then we
say that e1 ≥ e2 if there exists a subspace U of Σ1 satisfying (C1), (C2) and e1/U ∼= e2.
If e : ∆→ Σ is a full polarized embedding of a dense near polygon ∆ = (P,L, I), then the
subspace
Re :=
⋂
p∈P
〈e(Hp)〉
satisfies properties (C1) and (C2) and e/Re is a full polarized embedding of ∆, see e.g.
Proposition 2.4 of De Bruyn [13]. An embedding e of a dense near polygon is called a minimal
full polarized embedding if Re = ∅.
Let k, n ∈ N such that 1 ≤ k ≤ n − 1. Let V be an n-dimensional vector space over
a field K and let
∧k V be the k-th exterior power of V which is an ( nk )-dimensional vector
space over K. With every (k − 1)-dimensional subspace α = 〈v¯1, v¯2, . . . , v¯k〉 of PG(V ), we
associate the point ∧k(α) := 〈v¯1 ∧ v¯2 ∧ · · · ∧ v¯k〉 of PG(∧k V ). The map ∧k from the
set of (k − 1)-dimensional subspaces of PG(V ) to the set of points of PG(∧k V ) is called
the Grassmann-map. The image of ∧k is a so-called Grassmann-variety of PG(∧k V ). The
geometry Gk with the (k − 1)-dimensional subspaces of PG(V ) as points and with all the sets
L(A, B) := {C | dim(C) = k − 1, A ⊂ C ⊂ B} as lines, where A and B are subspaces of
PG(V ) satisfying A ⊆ B, dim(A) = k − 2 and dim(B) = k, is called the Grassmannian of
the (k − 1)-dimensional subspaces of PG(V ). The Grassmann-map ∧k defines a full embedding
e˜ of this geometry into PG(
∧k V ). This embedding is called the Grassmann-embedding of Gk .
By Wells [24], the Grassmann-embedding e˜ of Gk is universal (Ronan [20]) relative to any full
embedding of Gk . In other words, if e is a full embedding of Gk , then e˜ ≥ e.
1.2. Some classes of near polygons and their spin-embeddings
In this paper, we will meet the following classes of near polygons.
(NP1) Let Q(2n,K) denote a nonsingular quadric of Witt-index n in PG(2n,K). Then the
subspaces of dimension n − 1 and n − 2 of Q(2n,K) are the points and lines of a dual polar
space which we will denote by DQ(2n,K).
(NP2) Let the projective space PG(2n − 1,K), n ≥ 2, be equipped with a symplectic polarity
ζ . The subspaces of PG(2n − 1,K) which are totally isotropic with respect to ζ define a polar
space W (2n − 1,K). The associated dual polar space will be denoted by DW(2n − 1,K).
(NP3) Let K and K′ be fields such that K′ is a quadratic Galois-extension of K. Let n ∈
N \ {0, 1} and let θ denote the unique nontrivial element in the Galois-group Gal(K′/K). For
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all i, j ∈ {0, . . . , 2n + 1} with i ≤ j , let ai j ∈ K such that q(X) =∑0≤i≤ j≤2n+1 ai j X i X j is a
quadratic form defining a quadric Q−(2n+1,K) of Witt-index n in PG(2n+1,K) and a quadric
Q+(2n + 1,K′) of Witt-index n + 1 in PG(2n + 1,K′). Then the subspaces of dimension n − 1
and n − 2 of Q−(2n + 1,K) are the points and lines of a dual polar space which we will denote
by DQ−(2n + 1,K).
(NP4) Consider in PG(2n, 2), n ≥ 2, a nonsingular parabolic quadric Q(2n, 2) and a hyperplane
intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q+(2n − 1, 2). The generators
(=maximal subspaces) of Q(2n, 2) not contained in Q+(2n − 1, 2) form a subspace of the
dual polar space DQ(2n, 2) associated with Q(2n, 2). By Brouwer et al. [1], the point-line
incidence structure defined on this subspace is a dense near 2n-gon with three points on each
line. We will denote this near polygon by In . By Theorems 6.49 and 6.50 of De Bruyn [10],
every convex sub-2δ-gon, δ ≥ 2, of In is isomorphic to either DQ(2δ, 2) or Iδ . In particular,
every quad is isomorphic to either the generalized quadrangle W (2) ∼= DQ(4, 2) or the 3 × 3-
grid I2. By Theorem 6.52 of [10], the big maxes of In , n ≥ 3, are precisely the convex subspaces
isomorphic to DQ(2n− 2, 2). The above-described embedding of In into DQ(2n, 2) is isometric
(i.e. preserves distances). So, every full projective embedding of DQ(2n, 2) will induce a full
projective embedding of In .
(NP5) Let X be a set of size 2n + 2, n ∈ N. Then the following incidence structure Hn can be
defined. The points ofHn are the partitions of X into n+1 subsets of size 2, and the lines ofHn are
the partitions of X into n− 1 subsets of size 2 and one subset of size 4. A point of Hn is incident
with a line of Hn if and only if the partition corresponding with the point is a refinement of the
partition corresponding with a line. By Brouwer et al. [1], the point-line incidence structureHn is
a dense near 2n-gon with three points on each line. By Theorems 6.15 and 6.16 of De Bruyn [10],
every convex sub-2(n + 1 − k)-gon of Hn is isomorphic to Hn1−1 × Hn2−1 × · · · × Hnk−1 for
some n1, n2, . . . , nk ∈ N \ {0} satisfying n1 + n2 + · · · + nk = n + 1. In particular, every
quad is isomorphic to either W (2) ∼= H2 or the 3 × 3-grid H1 × H1. By Theorem 6.19 of [10],
the big maxes of Hn , n ≥ 1, are precisely the convex subpolygons isomorphic to Hn−1. By
Brouwer et al. [1, p. 356], the near 2n-gon Hn can be isometrically embedded into the dual polar
space DQ(2n, 2). So, every full projective embedding of DQ(2n, 2) will induce a full projective
embedding of Hn .
Let Q+(2n + 1,K), n ≥ 2, be a nonsingular quadric of Witt-index n + 1 in PG(2n + 1,K).
The set of generators of Q+(2n + 1,K) can be divided into two families M+ and M− such
that two generators of the same family intersect in a subspace of even co-dimension. For every
 ∈ {+,−}, let S denote the point-line geometry whose point-set is equal to M and whose
line set coincides with the set of all (n − 2)-dimensional subspaces of Q+(2n + 1,K) (natural
incidence). The isomorphic geometries S+ and S− are called the half-spin geometries for
Q+(2n + 1,K). S ,  ∈ {+,−}, admits a nice full embedding into PG(2n − 1,K) which is
called the spin-embedding of S . We refer to Chevalley [8] or Buekenhout and Cameron [3] for
a description of this embedding. The spin-embeddings of the half-spin geometries induce other
embeddings.
(E1) Consider the inclusion Q(2n,K) ⊆ Q+(2n + 1,K). Every generator M of Q(2n,K) is
contained in a unique generator φ(M) ofM+. If e denotes the spin-embedding of S+, then e ◦φ
defines a full embedding of DQ(2n,K) into PG(2n − 1,K). This embedding is called the spin-
embedding of DQ(2n,K). The spin-embedding of DQ(2n,K) is polarized; see Cameron [4].
(E2) Let K and K′ be as in (NP3) above and consider the inclusion Q−(2n + 1,K) ⊆
Q+(2n + 1,K′) also as described in (NP3). Let M+ and M− denote the two families of
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generators of Q+(2n+1,K′), let S+ denote the half-spin geometry for Q+(2n+1,K′) defined on
the setM+ and let e denote the spin-embedding of S+. For every generator M of Q−(2n+1,K),
let φ(M) denote the unique element of M+ containing M . Cooperstein and Shult [9] showed
that ifK is finite, then e◦φ defines a full embedding of DQ−(2n+1,K) into PG(2n−1,K′). De
Bruyn [12] gave an alternative proof of that result which also holds in the infinite case. The above-
described full embedding of DQ−(2n + 1,K) into PG(2n − 1,K′) is called the spin-embedding
of DQ−(2n + 1,K). It was shown in De Bruyn [12] that this full embedding is polarized.
(E3) Let n ≥ 2 and letK be a field of characteristic 2. Then De Bruyn and Pasini [17] showed that
the dual polar space DW(2n−1,K) has a unique (up to isomorphisms) full polarized embedding
into PG(2n − 1,K). We will call this embedding the spin-embedding of DW(2n − 1,K). If K
is a perfect field, then this embedding is isomorphic to the spin-embedding of DQ(2n,K) ∼=
DW(2n − 1,K). (Notice that if K is not perfect, then DQ(2n,K)  DW(2n − 1,K).)
(E4) By the discussion in paragraph (NP4), we know that the spin-embedding e : DQ(2n, 2) →
PG(2n − 1, 2) of DQ(2n, 2) induces a full projective embedding of In into a subspace Σ of
PG(2n−1, 2). Since the embedding of In into DQ(2n, 2) is isometric, this projective embedding
is polarized. We call this projective embedding the spin-embedding of In . We will later show
(see Corollary 1.4(1)) that the spin-embedding of In has vector-dimension 2n . This implies that
Σ = PG(2n − 1, 2).
(E5) By the discussion in paragraph (NP5), we know that the spin-embedding e : DQ(2n, 2) →
PG(2n − 1, 2) of DQ(2n, 2) induces a full projective embedding of Hn into a subspace Σ ′ of
PG(2n−1, 2). Since the embedding ofHn intoDQ(2n, 2) is isometric, this projective embedding
is polarized. We call this projective embedding the spin-embedding of Hn . We will later show
(see Corollary 1.4(2)) that the spin-embedding of Hn has vector-dimension 2n . This implies that
Σ ′ = PG(2n − 1, 2).
1.3. The results of this paper
Definition. For every full embedding e : ∆ → Σ of a dense near polygon ∆ into a projective
space Σ and for every convex subspace F of ∆, put ΣF := 〈e(F)〉 and let eF : F → ΣF denote
the full embedding of F induced by e.
The following theorem collects some basic properties of general full polarized embeddings of
dense near polygons.
Theorem 1.1 (Section 2). Let e : ∆→ Σ be a full polarized embedding of a dense near 2n-gon
∆ = (P,L, I). Then the following properties hold.
(1) For every convex subspace F of ∆, eF is polarized.
(2) For every point x of ∆ and every i ∈ {0, . . . , n}, 〈e(∆∗i (x))〉 ∩ e(P) = e(∆∗i (x)).
(3) For every convex subspace F of ∆, ΣF ∩ e(P) = e(F).
(4) If e is a minimal full polarized embedding of ∆, then eF is a minimal full polarized
embedding of F for every convex subspace F of ∆ which is classical in ∆.
(5) If e is a minimal full polarized embedding of ∆ and if F1 and F2 are two disjoint maxes of
∆ which are big in ∆, then the subspaces ΣF1 and ΣF2 of Σ are disjoint.
Theorem 1.1(5) applied to the spin-embedding of DQ(2n,K) was essential in De Bruyn [11]
to characterize the hyperplanes of DQ(2n,K) which arise from the spin-embedding. (Shult and
Thas [22, p. 620] also provide a proof of this fact for fields K of odd characteristic.)
We will now define in a recursive way two classes of dense near polygons.
• Let C0 = C′0 denote the isomorphism class of the near 0-gon.
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• For every i ≥ 1, let Ci denote the set of all dense near 2i-gons ∆ which contain two disjoint
maxes F1 and F2 satisfying (i) F1, F2 ∈ Ci−1 and (ii) F1 and F2 are big in ∆.
• For every i ≥ 1, let C′i denote the set of all dense near 2i-gons ∆ such that for every point
x of ∆, there exist two disjoint maxes F1 and F2 such that (i) F1 and F2 are big in ∆, (ii)
F1, F2 ∈ C′i−1, and (iii) x ∈ F1.
Obviously, C1 = C′1 is the set of all lines containing at least three points and C2 = C′2 is the set
of all nondegenerate generalized quadrangles with only lines of size at least 3. Put
C := C0 ∪ C1 ∪ C2 ∪ · · · ,
C′ := C′0 ∪ C′1 ∪ C′2 ∪ · · · .
Obviously, C′ ⊆ C. The elements of C are examples of near polygons with a so-called nice chain
of subpolygons; see [18]. Examples of dense near polygons belonging to the class C′n , n ≥ 2,
(and hence also to Cn) are all dual polar spaces of rank n and the near 2n-gons Hn and In . If
∆1 and ∆2 are two dense near polygons belonging to the class C′ (respectively C), then also
their direct product ∆1 × ∆2 belongs to C′ (respectively C). Every convex sub-2δ-gon of In
(2 ≤ δ ≤ n) belongs to C′ because it is isomorphic to either DQ(2δ, 2) or Iδ . Every convex
sub-2δ-gon of Hn (2 ≤ δ ≤ n) belongs to C′ since it is the direct product of some elements of
the set {Hm | m ≥ 1} ⊆ C′.
Theorem 1.1 has the following three corollaries.
Corollary 1.2. A full polarized embedding e of a dense near 2n-gon ∆ ∈ Cn has vector
dimension at least 2n .
Proof. It suffices to consider the case where e is a minimal full polarized embedding (otherwise
apply the reasoning below to the embedding e/Re of∆). We will prove the corollary by induction
on n. Obviously, the corollary holds if n ∈ {0, 1}. So, suppose n ≥ 2. Let F1 and F2 be
two disjoint maxes of ∆ satisfying (i) F1, F2 ∈ Cn−1 and (ii) F1 and F2 are big in ∆. By
Theorem 1.1(1), eF1 and eF2 are full polarized embeddings. Hence, dim(ΣF1), dim(ΣF2) ≥
2n−1 − 1 by the induction hypothesis. By Theorem 1.1(5), ΣF1 and ΣF2 are disjoint. Hence,
dim(Σ ) ≥ dim〈ΣF1 ,ΣF2〉 ≥ dim(ΣF1)+ dim(ΣF2)+ 1 ≥ 2n − 1. 
Corollary 1.3. If a full polarized embedding e of a dense near 2n-gon ∆ ∈ Cn has vector
dimension 2n , then e is a minimal full polarized embedding.
Proof. If Re 6= ∅, then the full polarized embedding e/Re of ∆ would have dimension less that
2n , contradicting Corollary 1.2. 
Corollary 1.4. (1) The spin-embedding of the near polygon In , n ≥ 2, has vector dimension 2n .
(2) The spin-embedding of the near polygon Hn , n ≥ 2, has vector dimension 2n .
Proof. We have remarked in Section 1.2 (E4) + (E5) that the spin-embeddings of Hn and In are
full polarized embeddings of vector-dimension at most 2n . Since In and Hn belong to Cn , the
vector dimensions of these spin-embeddings must be at least 2n by Corollary 1.2. 
Since the near 2n-gonsHn and In have unique universal embeddings (Ronan [20]), they also have
unique minimal full polarized embeddings; see e.g. De Bruyn [13]. These minimal full polarized
embeddings are precisely the spin-embeddings. Also embeddable dual polar spaces admit unique
minimal full polarized embeddings; see Cardinali, De Bruyn and Pasini [7].
Definition. If e : ∆→ Σ is a full polarized embedding of a dense near 2n-gon∆, then for every
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point x of ∆ and every i ∈ {0, . . . , n}, we define
T ei (e(x)) := 〈e(∆∗i (x))〉.
If no confusion is possible, we will also write Ti (e(x)) or even Ti instead of T ei (e(x)). The
subspace T ei (e(x)) of Σ is called the tangent space of index i at the point e(x). In case∆ belongs
to C′, we can derive lower bounds for the dimensions of the tangent spaces.
Theorem 1.5 (Section 3). Suppose e : ∆ → Σ is a full polarized embedding of a dense near
2n-gon ∆ ∈ C′n . Then
dim
(
T ei (e(x))
) ≥ −1+ i∑
j=0
(
n
j
)
for every point x of ∆ and every i ∈ {0, . . . , n}.
Notice that if we take i = n in Theorem 1.5, then we find again that the vector dimension of e
is at least 2n . We will use Theorems 1.1 and 1.5 to prove the following characterization of full
polarized embeddings of minimal vector dimension 2n .
Theorem 1.6 (Section 4). Let ∆ be one of the following dense near 2n-gons (n ≥ 2): (i) a dual
polar space of rank n; (ii) the near 2n-gon Hn; (iii) the near 2n-gon In . Then the following are
equivalent for a full polarized embedding e : ∆→ Σ of ∆:
(1) dim(Σ ) = 2n − 1;
(2) dim(ΣF ) = 2δ − 1 for every convex subspace F of diameter δ ∈ {0, . . . , n};
(3) dim(ΣQ) = 3 for every quad Q;
(4) dim(T ei (e(x))) = −1+
∑i
j=0
(
n
j
)
for every point x and every i ∈ {0, . . . , n}.
We can use Theorem 1.6 to prove a decomposition theorem for the embedding space of full
polarized embeddings of minimal vector-dimension 2n .
Theorem 1.7 (Section 5). Let ∆ be one of the following dense near 2n-gons (n ≥ 2): (i) a dual
polar space of rank n; (ii) the near 2n-gon Hn; (iii) the near 2n-gon In . Let e : ∆ → Σ =
PG(W ) denote a full polarized embedding of ∆ whose vector dimension dim(W ) equals 2n .
Then for every pair {x, y} of mutually opposite points of ∆, W can be written as a direct sum
W0 ⊕W1 ⊕ · · · ⊕Wn such that the following four properties hold for every i ∈ {0, . . . , n}:
(1) 〈e(∆i (x) ∩∆n−i (y))〉 = PG(Wi );
(2) 〈e(∆∗i (x))〉 = PG(W0 ⊕W1 ⊕ · · · ⊕Wi );
(3) 〈e(∆∗i (y))〉 = PG(Wn−i ⊕Wn−i+1 ⊕ · · · ⊕Wn);
(4) dim(Wi ) =
( n
i
)
.
Remark. Similar decomposition theorems as in Theorem 1.7 were given for the Grassmann-
embeddings of the symplectic and Hermitian dual polar spaces in respectively De Bruyn [14]
and De Bruyn [15].
1.4. Application to the spin-embedding of DQ(2n,K)
In this section, we suppose that e : ∆ → Σ is a full polarized embedding of a dual polar
space ∆ of rank n ≥ 2 into a (2n − 1)-dimensional projective space Σ over a field. Let x be a
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point of ∆. The convex subspaces of ∆ through x define a projective space of dimension n − 1
which we will denote by Res∆(x). We will denote the tangent space T ei (e(x)), i ∈ {0, . . . , n},
shortly by Ti . Let T−1 denote the empty subspace. By Theorem 1.6(4), the quotient space Ti/Ti−1
has projective dimension
( n
i
) − 1 (i ∈ {0, . . . , n}). For every i ∈ {1, . . . , n − 1}, consider the
following point-line geometry Gi :
• the points of Gi are the convex subspaces of diameter i through x ;
• the lines of Gi are the sets of convex subspaces of diameter i which contain a given convex
subspace of diameter i−1 through x and are contained in a given convex subspace of diameter
i + 1 through x .
Notice that Gi is the Grassmannian of the (i − 1)-dimensional subspaces of Res∆(x). For
every i ∈ {1, . . . , n − 1}, we can now define an “embedding” ei of Gi in Ti/Ti−1. If F is a
convex subspace of diameter i through x , then we define ei (F) := 〈Ti−1, e(y)〉/Ti−1, where y
is an arbitrary point of F at distance i from x . The following lemma is precisely Theorem 1.2 of
Cardinali and De Bruyn [6].
Lemma 1.8 ([6]).
(1) The map ei is well-defined.
(2) The map ei is an injection from the point-set of Gi to the point-set of the projective space
Ti/Ti−1.
(3) The image of ei generates the whole projective space Ti/Ti−1.
Lemma 1.9. ei maps lines of Gi into lines of Ti/Ti−1.
Proof. Suppose that L is a line of Gi which consists of all convex subspaces of diameter i
containing a given convex subspace F1 of diameter i − 1 through x and contained in a given
convex subspace F2 of diameter i + 1 through x . Let y denote a point of F1 at distance i − 1
from x and let Q denote a quad of F2 through y intersecting F1 only in the point y. By
Theorem 1.6, dim(ΣQ) = 3 and 〈e(y⊥ ∩ Q)〉 is a plane α ⊆ ΣQ . Every convex sub-2i-gon
A of F2 through F1 intersects Q in a line and hence ei (A) ∈ 〈Ti−1, α〉/Ti−1. By the injectivity
of ei , 〈Ti−1, α〉/Ti−1 must be a line of Ti/Ti−1. So, Ti−1 ∩ α = {e(y)}. Obviously, ei maps L
into the line 〈Ti−1, α〉/Ti−1 of Ti/Ti−1. 
Theorem 1.10. If e(y⊥ ∩ Q) = 〈e(y⊥ ∩ Q)〉 for every quad Q and every point y of Q, then ei
maps lines of Gi to full lines of Ti/Ti−1. Moreover, ei is isomorphic to the universal embedding
of Gi into PG(
( n
i
)− 1,K), where K is the underlying field of Σ and Res∆(x).
Proof. The first claim follows from the proof of Lemma 1.9. The second claim follows from the
first claim, Lemma 1.8(2), the fact that dim(Ti/Ti−1) =
( n
i
) − 1 and Wells [24] (see also the
discussion at the end of Section 1.1). 
Corollary 1.11. If ∆ ∼= DQ(2n,K), n ≥ 2, and if e is the spin-embedding of ∆, then ei is
isomorphic to the universal embedding of Gi into PG(
( n
i
)− 1,K).
Proof. If Q is a quad ofDQ(2n,K), then eQ is isomorphic to the spin-embedding ofDQ(4,K) ∼=
W (3,K) into PG(3,K). Hence, e(y⊥ ∩ Q) = 〈e(y⊥ ∩ Q)〉 for every quad Q and every point y
of Q. The claim now follows from Theorem 1.10. 
2. Structural properties of general full polarized embeddings
This section is devoted to the proof of Theorem 1.1. Let ∆ = (P,L, I) be a dense near
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2n-gon and let e : ∆ → Σ be a full polarized embedding of ∆. Recall that for every convex
subspace F of ∆, ΣF = 〈e(F)〉 and eF : F → ΣF denotes the full embedding of F induced
by e. For every point x of ∆, let Hx denote the singular hyperplane of ∆ with deepest point
x .
Lemma 2.1. For every point x and every i ∈ {0, . . . , n − 1}, ∆∗i (x) =
⋂
y∈∆∗n−1−i (x) Hy .
Proof. Let y ∈ ∆∗n−1−i (x) and let z denote an arbitrary point of ∆∗i (x). Then d(z, y) ≤
d(z, x) + d(x, y) ≤ i + (n − 1 − i) = n − 1 and hence z ∈ Hy . It follows that ∆∗i (x) ⊆⋂
y∈∆∗n−1−i (x) Hy . Suppose now that z is a point of
⋂
y∈∆∗n−1−i (x) Hy not contained in ∆
∗
i (x).
Then d(x, z) ≥ i + 1 and there exists a point x ′ opposite z such that x is contained on a
shortest path between z and x ′. Then d(x, x ′) = d(z, x ′) − d(x, z) ≤ n − i − 1 and hence
z ∈ ⋂y∈∆∗n−1−i (x) Hy ⊆ Hx ′ , contradicting d(z, x ′) = n. Hence, ∆∗i (x) = ⋂y∈∆∗n−1−i (x) Hy .

Lemma 2.2. If F is a convex sub-2δ-gon of ∆, then every point x not contained in F lies at
distance at least δ + 1 from some point of F.
Proof. Let y denote a point of F at maximal distance from x . Let L denote an arbitrary line of
F through y. The unique point of L nearest to x necessarily lies at distance d(x, y)− 1 from x .
Hence, L ⊆ 〈x, y〉. Since this holds for an arbitrary line L of F through y, F ⊆ 〈x, y〉 (see e.g.
Theorem 2.14 of [10]). Hence, δ = diam(F) ≤ diam〈x, y〉 = d(x, y). If δ = d(x, y), then the
inclusion F ⊆ 〈x, y〉 would imply F = 〈x, y〉, a contradiction, since x 6∈ F . Hence, d(x, y) > δ.

Proof of Theorem 1.1(1). Let F be a convex sub-2δ-gon of ∆ and let x be an arbitrary point
of F . By Theorem 2.29 of [10], there exists a point x ∈ ∆n−δ(F) ∩ ∆n−δ(x) such that
d(x, y) = d(x, x) + d(x, y) = n − δ + d(x, y) for every point y of F . The points of F
contained in ∆∗n−1(x) are precisely the points of F contained in ∆δ−1(x). This implies that
(i) 〈e(∆∗n−1(x))〉 ∩ΣF is a hyperplane of ΣF , and (ii) eF (∆∗δ−1(x) ∩ F) ⊆ 〈e(∆∗n−1(x))〉 ∩ΣF .
Since ∆∗δ−1(x) ∩ F is a hyperplane of F , 〈eF (∆∗δ−1(x) ∩ F)〉 has co-dimension at most 1 in
ΣF and hence coincides with the hyperplane 〈e(∆∗n−1(x))〉 ∩ ΣF of ΣF . It follows that eF is
polarized.
Proof of Theorem 1.1(2). Obviously, the claim holds if i = n. So, suppose i ≤
n − 1. By Lemma 2.1, e(∆∗i (x)) = e(
⋂
y∈∆∗n−1−i (x) Hy) =
⋂
y∈∆∗n−1−i (x) e(Hy) =⋂
y∈∆∗n−1−i (x)
(〈e(Hy)〉 ∩ e(P)) = (⋂y∈∆∗n−1−i (x)〈e(Hy)〉) ∩ e(P). It follows that 〈e(∆∗i (x))〉
is a subspace of
⋂
y∈∆∗n−1−i (x)〈e(Hy)〉 and 〈e(∆∗i (x))〉 ∩ e(P) = e(∆∗i (x)).
Proof of Theorem 1.1(3). Let δ denote the diameter of F . For every point x of ∆ not contained
in F , there exists a point y in F at distance at least δ + 1 from x (Lemma 2.2). Hence,
F = ⋂x∈F ∆∗δ (x). It follows that e(F) = ⋂x∈F e(∆∗δ (x)) and ΣF ∩ e(P) = 〈e(F)〉 ∩
e(P) ⊆ (⋂x∈F 〈e(∆∗δ (x))〉) ∩ e(P) = ⋂x∈F (〈e(∆∗δ (x))〉 ∩ e(P)) = ⋂x∈F e(∆∗δ (x)) = e(F).
Obviously, also e(F) ⊆ ΣF ∩ e(P).
Proof of Theorem 1.1(4). Let δ be the diameter of F . By Theorem 1.1(1), eF is polarized. We
must still show that ReF = ∅. Recall that for every point x ∈ F , there exists a point x ∈ ∆n−δ(F)
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such that x = piF (x). By the proof of Theorem 1.1(1), we know that 〈e(∆∗n−1(x))〉 ∩ ΣF =〈eF (∆∗δ−1(piF (x)) ∩ F)〉 for every point x ∈ ∆n−δ(F). Notice also that ΣF ⊆ 〈e(∆∗n−1(x))〉 for
every point x at distance at most n− δ− 1 from F . We have ReF =
⋂
x∈F 〈eF (∆∗δ−1(x)∩ F)〉 =⋂
x∈F
(〈e(∆∗n−1(x))〉 ∩ ΣF) = ⋂y∈P (〈e(∆∗n−1(y))〉 ∩ ΣF) = ⋂y∈P (〈e(∆∗n−1(y))〉) ∩ ΣF =∅ ∩ ΣF = ∅.
Proof of Theorem 1.1(5). Suppose u is a common point of ΣF1 and ΣF2 . Since F1 ⊆ ∆∗n−1(x)
for every point x of F1, u ∈
(⋂
x∈F1〈e(Hx )〉
)
∩ ΣF2 . Now,
(⋂
x∈F1〈e(Hx )〉
)
∩ ΣF2 =⋂
x∈F1
(〈e(Hx )〉 ∩ ΣF2) = ⋂x∈F1〈eF2(∆∗n−2(piF2(x)) ∩ F2)〉 = ⋂x∈F2〈eF2(∆∗n−2(x) ∩ F2)〉 =∅, since eF2 is a minimal polarized embedding of F2 by Theorem 1.1(4). So, we have a
contradiction. This proves ΣF1 ∩ ΣF2 = ∅. 
3. Inequalities involving the dimensions of the tangent spaces
This section is devoted to the proof of Theorem 1.5. Suppose e : ∆ → Σ is a full polarized
embedding of a dense near 2n-gon ∆ ∈ C′n . Theorem 1.5 holds if n ∈ {0, 1}. So, suppose
that n ≥ 2. Since ∆ contains two disjoint lines and any two lines in a projective plane meet,
dim(Σ ) ≥ 3.
The case where e is a minimal full polarized embedding
We will prove Theorem 1.5 by induction on n. Let x be an arbitrary point of ∆.
Suppose first that n = 2. Then dim(T e0 (e(x))) = 0 = −1 +
∑0
j=0
(
2
j
)
, dim(T e2 (e(x))) =
dim(Σ ) ≥ 3 = −1+∑2j=0 ( 2j ) and dim(T e1 (e(x))) = dim(Σ )− 1 ≥ 2 = −1+∑1j=0 ( 2j ).
If i = 0, then dim(T e0 (e(x))) = 0 = −1+
∑0
j=0
(
n
j
)
.
Suppose now that n ≥ 3 and i ≥ 1 and that the theorem holds for any dense near 2n′-gon
∆′ ∈ C′n′ with n′ < n. Since ∆ ∈ C′n , there exist disjoint maxes A and B in ∆ which satisfy the
following properties: (i) A and B are big in ∆, (ii) A and B (regarded as near polygons) belong
to C′n−1, and (iii) x ∈ A. Notice that by Theorem 1.1(4), eA (respectively eB) is a minimal full
polarized embedding of A (respectively B). Let x ′ denote the unique point of B collinear with x .
Since ∆∗i−1(x ′) ∩ B ⊆ ∆∗i (x),
T eBi−1(e(x
′)) ⊆ T ei (e(x))
and hence〈
T eAi (e(x)), T
eB
i−1(e(x
′))
〉 ⊆ T ei (e(x)). (1)
In (1), we take the convention that T eAi (e(x)) = ΣA if i = n. Now, since 〈e(A)〉 and 〈e(B)〉 are
disjoint (Theorem 1.1(5)), we have
dim
(〈
T eAi (e(x)), T
eB
i−1(e(x
′))
〉) = dim (T eAi (e(x)))+ dim (T eBi−1(e(x ′)))+ 1. (2)
By the induction hypothesis,
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dim(T eAi (e(x))) ≥ −1+
i∑
j=0
(
n − 1
j
)
, (3)
dim(T eBi−1(e(x
′))) ≥ −1+
i−1∑
j=0
(
n − 1
j
)
= −1+
i∑
j=1
(
n − 1
j − 1
)
. (4)
Notice that (3) remains valid if i = n since
(
n−1
n
)
= 0. From Eqs. (2)–(4),
dim
(〈
T eAi (e(x)), T
eB
i−1(e(x
′))
〉) ≥ −1+ (n − 1
0
)
+
i∑
j=1
(
n − 1
j
)
+
(
n − 1
j − 1
)
= −1+
(n
0
)
+
i∑
j=1
(
n
j
)
= −1+
i∑
j=0
(
n
j
)
.
Hence, dim(T ei (e(x))) ≥ −1+
∑i
j=0
(
n
j
)
by (1). 
The case where e is not a minimal full polarized embedding
Suppose Re 6= ∅. Put e′ := e/Re and Σ ′ := Σ/Re. Then e′ is a minimal full polarized
embedding of ∆ into Σ ′. Let x be a point of ∆ and i ∈ {0, . . . , n}. Obviously, we have
dim
(
T e
′
i (e
′(x))
)
= dim (T ei (e(x)))− dim (T ei (e(x)) ∩ Re)− 1.
Since dim
(
T e
′
i (e
′(x))
)
≥ −1+∑ij=0 ( nj ), also dim (T ei (e(x))) ≥ −1+∑ij=0 ( nj ).
4. A characterization of full polarized embeddings of minimal vector dimension 2n
Let ∆ be one of the following dense near 2n-gons (n ≥ 2): (i) a dual polar space of rank
n; (ii) the near 2n-gon Hn ; (iii) the near 2n-gon In . Consider the following statements for a full
polarized embedding e : ∆→ Σ of ∆:
(1) dim(Σ ) = 2n − 1;
(2) dim(ΣF ) = 2δ − 1 for every convex subspace F of diameter δ ∈ {0, . . . , n};
(3) dim(ΣQ) = 3 for every quad Q;
(4) dim(T ei (e(x))) = −1+
∑i
j=0
(
n
j
)
for every point x and every i ∈ {0, . . . , n}.
We will show that these four statements are equivalent. Clearly, (2) and (4) imply (1). So, it
suffices to show that (1) implies (3) and that (3) implies (2) and (4).
We show that (1) implies (3). We will prove this by induction on n. Obviously, this holds
if n = 2. So, suppose n ≥ 3 and that the claim holds for smaller values of n. Obviously,
dim(ΣQ) = 3 if Q is a (3 × 3)-grid. So, suppose Q is not a (3 × 3)-grid. Then in each of
the possible cases, Q is contained in a max A which is big in ∆. Let B be a max of ∆ disjoint
from A and big in ∆. Notice that A ∼= B ∼= Hn−1 if ∆ ∼= Hn and A ∼= B ∼= DQ(2n − 2, 2) if
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∆ ∼= In . By Corollary 1.3, e is the minimal full polarized embedding of∆. By Theorem 1.1(4), it
then follows that eA and eB are minimal full polarized embeddings of respectively A and B. By
Theorem 1.1(5), ΣA and ΣB are disjoint and by Corollary 1.2, dim(ΣA), dim(ΣB) ≥ 2n−1 − 1.
Hence, 2n − 1 = dim(Σ ) ≥ dim(ΣA) + dim(ΣB) + 1 ≥ 2n − 1. It follows that dim(ΣA) =
dim(ΣB) = 2n−1− 1. Now, applying the induction hypothesis to the embedding eA, we find that
dim(ΣQ) = 3.
We show that (3) implies (2). We will prove this by induction on δ. Obviously, this holds
if δ ≤ 2. So, suppose that δ ≥ 3 and that the claim holds for smaller values of δ. There
exist two disjoint maxes F1 and F2 of F which are big in F . By the induction hypothesis,
dim(F1) = dim(F2) = 2δ−1− 1. Now, every point x of F is contained in a quad Qx intersecting
F1 and F2 in lines. [For, let L i , i ∈ {1, 2}, be a line through x meeting Fi and let Q be a quad of
F containing L1 and L2. Since F1 and F2 are big in F , Q intersects F1 and F2 in lines.] Since
dim(ΣQx ) = 3, ΣQx ⊆ 〈ΣF1 ,ΣF2〉. Hence, ΣF = 〈ΣF1 ,ΣF2〉. So, ΣF has dimension at most
2δ − 1. By Corollary 1.2 applied to the full polarized embedding eF of F ∈ C, it then follows
that ΣF has dimension precisely 2δ − 1.
It remains to show that (3) implies (4). Notice that if (3) holds, then dim(Σ ) = 2n − 1
and hence e is a minimal full polarized embedding by Corollary 1.3. Let us go back to the
proof of Theorem 1.5. We will use the same notations as there. In order to show that all the
inequalities dim(T ei (e(x))) ≥ −1 +
∑i
j=0
(
n
j
)
become equalities, it suffices to show that
all the inclusions 〈T eAi (e(x)), T eBi−1(e(x ′))〉 ⊆ T ei (e(x)) (see (1)) become equalities. (Repeat
the inductive proof of Theorem 1.5, but put equalities at suitable places like in (1), (3) and
(4).) Let y denote an arbitrary point of ∆∗i (x). If y ∈ A ∪ B, then obviously, e(y) ∈〈T eAi (e(x)), T eBi−1(e(x ′))〉. Suppose y 6∈ A ∪ B. Let Q denote a quad through y intersecting
A and B in the respective lines L A and LB . [Similarly as in the previous paragraph, one
can show that such a quad exists.] Let y′ denote the unique point of A collinear with y and
let y′′ denote the unique point of B collinear with y′. Then y′ ∈ L A. Since y ∈ ∆∗i (x),
y′ ∈ ∆∗i−1(x) and hence e(L A) ⊆ T eAi (e(x)) ⊆ 〈T eAi (e(x)), T eBi−1(e(x ′))〉. Since y′ ∈ ∆∗i−1(x),
y′′ ∈ ∆∗i−1(x ′) (notice that the projection from A onto B is an isomorphism) and hence e(y′y′′) ⊆
〈T eAi (e(x)), T eBi−1(e(x ′))〉. Now, eQ is a full polarized embedding (Recall Theorem 1.1(1)) and
dim(ΣQ) = 3. It follows that e(L) ⊆ 〈e(L A), e(y′y′′)〉 for every line L of Q through y′. Hence,
e(y) ∈ e(y′y) ⊆ 〈e(L A), e(y′y′′)〉 ⊆ 〈T eAi (e(x)), T eBi−1(e(x ′))〉. We have shown that e(y) ∈
〈T eAi (e(x)), T eBi−1(e(x ′))〉 for every point y of ∆∗i (x). So, T ei (e(x)) ⊆ 〈T eAi (e(x)), T eBi−1(e(x ′))〉
and hence T ei (e(x)) = 〈T eAi (e(x)), T eBi−1(e(x ′))〉. This was precisely what we needed to show.
5. The decomposition theorem
Let∆ be one of the following dense near 2n-gons (n ≥ 2): (i) a dual polar space of rank n; (ii)
the near 2n-gon Hn ; (iii) the near 2n-gon In . Let e : ∆→ Σ = PG(W ) denote a full polarized
embedding of ∆ whose vector dimension dim(W ) equals 2n . By Corollary 1.3, e is a minimal
full polarized embedding. Let {x, y} be a pair of opposite points of ∆.
Lemma 5.1. For every i ∈ {0, . . . , n − 1}, 〈e(∆∗i (x))〉 and 〈e(∆∗n−i−1(y))〉 are complementary
subspaces of Σ .
Proof. We will prove this by induction on n. Obviously, the lemma holds if i ∈ {0, n − 1} (in
particular, for n = 2). So, suppose that 1 ≤ i ≤ n − 2. Let A and B be two disjoint maxes such
that (1) x ∈ A, (2) y ∈ B, and (3) A and B are big in ∆. Notice that A ∼= B ∼= Hn−1 if ∆ ∼= Hn
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and A ∼= B ∼= DQ(2n − 2, 2) if ∆ ∼= In . By Theorem 1.6(2), dim(ΣA) = dim(ΣB) = 2n−1 − 1.
By Theorem 1.1(5), ΣA and ΣB are disjoint. Hence, ΣA and ΣB are complementary subspaces
of Σ . Let x ′ denote the unique point of B collinear with x and let y′ denote the unique point of
A collinear with y. Notice that x and y′ are opposite points of A and x ′ and y are opposite points
of B. Now, put
α1 := T eAi (e(x)), α2 := T eAn−2−i (e(y′)),
β1 := T eBi−1(e(x ′)), β2 := T eBn−1−i (e(y)).
By the proof of Theorem 1.5, we know that
T ei (e(x)) = 〈e(∆∗i (x))〉 = 〈α1, β1〉,
T en−i−1(e(y)) = 〈e(∆∗n−1−i (y))〉 = 〈α2, β2〉.
Now, by the induction hypothesis applied to the embedding eA and the opposite points x and y′
of A (respectively the embedding eB and the opposite points x ′ and y of B), we find
(1) α1 and α2 are complementary subspaces of ΣA;
(2) β1 and β2 are complementary subspaces of ΣB .
Since ΣA and ΣB are complementary subspaces of Σ , it then follows that 〈e(∆∗i (x))〉 = 〈α1, β1〉
and 〈e(∆∗n−1−i (y))〉 = 〈α2, β2〉 are complementary subspaces of Σ . 
Since 〈e(∆∗i (x))〉 and 〈e(∆∗n−1−i (y))〉 are complementary subspaces of Σ , 〈e(∆∗i (x))〉 ∩〈e(∆∗n−i (y))〉 is a subspace of 〈e(∆∗n−i (y))〉 complementary to 〈e(∆∗n−1−i (y))〉. By
Theorem 1.6(4), it then follows that the dimension of the subspace 〈e(∆∗i (x))〉 ∩ 〈e(∆∗n−i (y))〉
is equal to
( n
i
)− 1. Now, let Wi be the subspace of W such that
PG(Wi ) = 〈e(∆∗i (x))〉 ∩ 〈e(∆∗n−i (y))〉.
Then
dim(Wi ) =
(n
i
)
.
We will now show that
〈e(∆∗i (x))〉 = PG(W0 ⊕W1 ⊕ · · · ⊕Wi ). (5)
By symmetry, it then also follows that
〈e(∆∗i (y))〉 = PG(Wn−i ⊕Wn−i+1 ⊕ · · · ⊕Wn).
We will prove Eq. (5) by induction on i . Obviously, (5) holds if i = 0. So, suppose i ≥ 1.
By the induction hypothesis, PG(W0),PG(W1), . . . ,PG(Wi−1) are complementary subspaces of
〈e(∆∗i−1(x))〉. Now, PG(Wi ) is contained in 〈e(∆∗n−i (y))〉 and 〈e(∆∗n−i (y))〉 is complementary
to 〈e(∆∗i−1(x))〉. Hence,
PG(Wi ) ∩ PG(W0 ⊕W1 ⊕ · · · ⊕Wi−1) = ∅.
On the other hand, we know that
PG(Wi ),PG(W0 ⊕W1 ⊕ · · · ⊕Wi−1) ⊆ 〈e(∆∗i (x))〉
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and (recall Theorem 1.6(4))
dim(PG(Wi ))+ dim(PG(W0 ⊕ · · · ⊕Wi−1)) =
i∑
j=0
(
n
j
)
− 2 = dim〈e(∆∗i (x))〉 − 1.
This proves that
〈e(∆∗i (x))〉 = PG(W0 ⊕W1 ⊕ · · · ⊕Wi ).
We will now prove that
PG(Wi ) = 〈e(∆i (x) ∩∆n−i (y))〉.
Recall that PG(Wi ) = 〈e(∆∗i (x))〉 ∩ 〈e(∆∗n−i (y))〉 and dim(PG(Wi )) =
( n
i
)− 1. Obviously,
〈e(∆i (x) ∩∆n−i (y))〉 ⊆ 〈e(∆∗i (x))〉 ∩ 〈e(∆∗n−i (y))〉.
So, it suffices to prove that
dim〈e(∆i (x) ∩∆n−i (y))〉 ≥
(n
i
)
− 1. (6)
Notice that (6) holds if i ∈ {0, n}. We will prove (6) by induction on n. If n = 2, then
dim〈e(∆1(x)∩∆1(y))〉 ≥ 1. So, (6) holds for n = 2. Suppose now that n ≥ 3 and 1 ≤ i ≤ n−1.
As before, consider maxes A and B such that (1) x ∈ A, (2) y ∈ B, and (3) A and B are big in
∆. Then ΣA and ΣB are complementary subspaces of dimension 2n−1 − 1 in Σ . As before, let
x ′ denote the unique point of B collinear with x and let y′ denote the unique point of A collinear
with y. Now,
〈e((∆i−1(x ′) ∩ B) ∩ (∆n−i (y) ∩ B))〉 ⊆ 〈e(∆i (x) ∩∆n−i (y))〉,
〈e((∆i (x) ∩ A) ∩ (∆n−i−1(y′) ∩ A))〉 ⊆ 〈e(∆i (x) ∩∆n−i (y))〉.
By the induction hypothesis,
dim
(〈e((∆i−1(x ′) ∩ B) ∩ (∆n−i (y) ∩ B))〉) ≥ (n − 1i − 1
)
− 1,
dim
(〈e((∆i (x) ∩ A) ∩ (∆n−i−1(y′) ∩ A))〉) ≥ (n − 1i
)
− 1.
Since ΣA and ΣB are disjoint, also 〈e((∆i−1(x ′)∩ B)∩ (∆n−i (y)∩ B))〉 and 〈e((∆i (x)∩ A)∩
(∆n−i−1(y′) ∩ A))〉 are disjoint. It follows that
dim〈e(∆i (x) ∩∆n−i (y))〉 ≥
(
n − 1
i − 1
)
+
(
n − 1
i
)
− 1 ≥
(n
i
)
− 1,
which is precisely what we needed to show.
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